We analyze the dynamics of scalar particles in gravity's rainbow considering the space-time of a cosmic string in this modified gravity. Thus, we solve the Klein-Gordon equation for two types of potential in which two possible rainbow functions are selected. In all cases studied we obtain exact solutions for the wave equation, derive the energy spectrum, analyze it in detail and discuss the dependence of the results with the choice of the rainbow functions.
I. INTRODUCTION
Recent observations of gravitational waves predicted by Einstein [1] and shadows of black holes [2] reinforce the idea that General Relativity (GR) is a fundamental theory for the description of gravitational phenomena. In principle, any gravitational theory which purports to describe the nature of space-time should agree with GR in regimes where it is well tested.
Observations of supernova explosions in 1998 suggest that the expansion of the universe is accelerating rather than slowing down as some models have predicted. As a consequence of this observation, on the large scale regime, GR may be maintained as the standard theory of the space-time if one consider the presence of some unknown constituent as dark energy, which should be responsible for this acceleration and dark matter. Another approach to
dealing with the open problems in cosmology and astrophysics is to consider modifications [3, 4] in the usual GR theory that preserve the well-tested results. In recent years, there has been a growing awareness that modifications in GR may provide satisfactory responses to the cosmological observations that reveal the existence of dark energy. Certain modified gravity theories may provide a plausible explanation for the problems of dark matter and dark energy through additional degrees of freedom.
Since GR has been formulated it was discovered that the geometry of space-time may be associated with physical quantities through the energy-momentum tensor. We also know that factors associated with topology of the space-time can also influence the dynamics of matter or light. As an example, we can mention the space-time around a cosmic string [5, 6] which is characterized by an angular deficit that is determined by the linear mass density of the cosmic string. This line of the energy-momentum tensor is termed a topological defect.
In this space-time, which is locally flat but not globally flat, particles can be deflected even considering that the gravitational potential of a straight string vanishes. In recent decades, modern results obtained from many physical models indicate that particle dynamics can be influenced by the energy regime under which they are tested. In this context, the so-called doubly special relativity theories include possible modifications of the energy-momentum relations that, in principle, can be tested in a number of observations including ultra high energy cosmic rays [7] . Such modifications of the dispersion relations of special relativity can be extended for the case of curved spaces in the so-called gravity's rainbow [8] . In this theory, the Planck energy E p = c 5 /G is an important parameter that can be used to separate the classical from quantum behavior of physical objects.
The dynamics of scalar and fermionic particles in curved spaces has been studied in a variety of contexts [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] , where we can highlight the case of the Klein-Gordon (KG) oscillator under the influence of noninertial effects [24, 25] , in which the authors present two different classes of solutions for the KG equation with vector and scalar potentials in the space-time of a cosmic string. Scalar particles can also be studied using the Duffin-Kemmer-Petiau (DKP) formalism in which a specific representation of the DKP equation allows us to access the scalar sector and obtain information about scalar particles as was done in [26, 27] where KG oscillator in a space-time with a topological defect is considered. Other studies of scalar particles involve the Coulomb-type potential in a space-time with a screw dislocation [28] , dynamics of the particles in Gödel-type metrics [29] and the Dirac oscillator under the presence of the Aharonov-Casher effect [30] . Topological defects also play an important role in hyperbolic metamaterials where in certain cases their behavior can be characterized by the disclination [31] . Applications of topological defects in condensed matter can be found, among other factors, due to the well-known analogy between disclinations in solids and cosmic strings [32] .
In the scenario of gravity's rainbow, the Landau levels [33] and the Dirac oscillator [34] in the presence of a cosmic string have been studied. In the present paper, we will consider scalar particles in a cosmic string space-time in the context of gravity's rainbow and obtain the solutions of the KG equation, with both minimum (Coulomb-like) and non-minimum coupling (KG oscillator) in two scenarios of the gravity's rainbow, and analyze their consequences.
The paper is structured as follows: In Section II we discuss theories of gravity with modified dispersion relations and obtain the cosmic string line element in the framework of gravity's rainbow. The KG equation in a generalized form, the KG oscillator, the solution of radial equation and energy levels in two scenarios of gravity's rainbow are considered in Section III. Similarly, in Section IV we consider a Coulomb-like potential in the KG equation and find the solution to the differential equation as well as we obtain the energy spectrum associated with this system. Finally, in Section V we describe our conclusions.
II. COSMIC STRINGS IN THE CONTEXT OF GRAVITY'S RAINBOW
Cosmic strings are extended objects which may have been formed in the early universe during a series of symmetry breaking phase transitions, as proposed by Kibble [35] . In the 1990's it was believed that they have influenced the observed distribution of matter in the universe and in this way, contributed to the high concentration of matter in galaxy superclusters, nowadays, seems to have a similar role in the context of superstring theory. In the context of GR and modified theories of gravity as the gravity's rainbow, cosmic strings have been studied extensively in the last years. The line element of a cosmic string (in units c = = G = 1) in the context of the GR is given by
where µ is the linear mass density of the string. The range of the coordinates are written as under the influence of noninertial effects reported in [24] has the form
with N, eκ, m, ω, η, being the radial quantum number, electromagnetic coupling, particle mass, angular velocity of the rotating frame, and scalar potential parameter, respectively. We can see that the energy of the particle is influenced by α so that Eq.
(2) provides information about the topology of the space-time around the particle.
On the other hand, it may be interesting to study such topological defects in modified theories of gravity and verify if these theories may reveal new physical characteristics of space-time. In the case of doubly special relativity theories, the usual dispersion relations may be altered due to deformations of the Lorentz symmetry. Initially, we consider a deformation in the general form
where p, E, and E P are the modulus of momentum, energy of the particle and the Planck energy respectively. In the literature, the choice of rainbow functions f (E/E P ) and g(E/E P )
is theoretically and phenomenologically motivated and they must satisfy the equations
i.e., in the infrared limit the standard energy-momentum dispersion relation is recovered.
In gravity's rainbow the deformation of the dispersion relation can be incorporated by considering the following energy dependent metric [8] g
where the energy dependent frame fields e a (x) are related to the energy independent frame fields, denoted by e a , as follows:
In this paper we are interested in the following particular solution of the Einstein equations in the framework of gravity's rainbow [36] 
where x = E/E P . It is easy to see that in the limiting case where f (x) = g(x) = 1, Eq. (7) reduces to the metric of the cosmic string in GR. This metric has elements of the usual cosmic string space-time encoded by α, besides the functions f and g that add the contribution of modified gravity.
III. KLEIN-GORDON OSCILLATOR IN THE PRESENCE OF A COSMIC STRING

IN THE CONTEXT OF GRAVITY'S RAINBOW
Firstly, let us write the covariant equation which will describe scalar particles in relativistic quantum mechanics. Namely the covariant KG equation for a scalar particle of mass M in a curved background, which experiences external vectors A µ and X µ and a scalar potential
where
Notice that we are assuming that the vector X µ associated to the KG oscillator is not minimally coupled in contrast to the electromagnetic potential A µ .
Besides that, the potentials in Eq. (8) Here, due to the presence of the rainbow functions in the line element (7), the wave equation has a dependence of the energy in a more complicated way. Indeed, we observe that the determinant of the metric corresponding to the space-time (7) is written as √ −g = αr f (x)g(x) 3 and the contravariant form of the metric is given by g µν = diag(−f (x) 2 , g(x) 2 , g(x) 2 /r 2 α 2 , g(x) 2 ). By using these results in Eq. (8), we obtain the following partial diferential equation
Note that the Hamiltonian associated to this expression is independent of the coordinates t, φ and z. Thus it is reasonable to make an ansatz where the solutions which depend on t, φ and z are given by an exponential form written in what follows and the solution of radial coordinate is a function to be determined, i.e,
with E being the energy of the particle, l = 0, ±1, ±2, ... and k z is the momentum in the z direction. In fact, it is possible to show that the periodic condition in the angular coordinate imply that l ∈ Z. Substituting Eq. (10) into Eq. (9) and then simplifying terms, we get
This second order radial differential equation describes the KG oscillator in a space-time of a cosmic string in the context of the gravity's rainbow. To obtain normalizable eigenfunctions of Eq. (11), we propose the usual transformation in the radial coordinate ρ = MΩr 2 and an ansatz in the following way:
Then, we obtain the radial equation
that is the confluent hypergeometric equation, a second order linear homogeneous differential equation with two independent solutions . The solution of Eq. (13), regular at ρ = 0, may be obtained considering the confluent hypergeometric function, denoted by F (ρ)
In fact, the most general solution of Eq. (13) equation is given by the combination
where A and B are arbitrary constants. As the second term of Eq. (17) is singular at the origin, i.e., ρ = 0 , we impose that B = 0. An important feature of the confluent hypergeometric function, related to its asymptotic behavior [25, 37] , demands that the parameter a to be a negative integer. This is a well known result that permit us obtain with the energy spectrum of this kind of particle. Now, to study the energy spectrum in detail, we must choose the shape of the rainbow functions.
As we have discussed before, the parameter a in the hypergeometric function must be a negative integer, namely a = −N where N = 0, ±1, ±2, ... (see [25] for more details). In this way, by using Eq. (14) and the definition of the parameter K, we obtain the quantization
The above equation can be solved exactly depending on the choice of the rainbow functions.
Several choices of these functions are proposed in the literature and for the purpose of this paper, we consider initially the following case
where the temporal and the spatial function have the same behavior. This function was studied in [38] , and it provides a deformation of the dispersion relation where the speed of light is constant. By substituting Eq. (19) into Eq. (18) and solving the expression for E, we can write the energy spectrum in the form
where ξ N lkz = N + |l| 2α + k 2 z 4M Ω + 1 with N = 0, 1, 2, ... and so on. Remarkably, the use of functions (19) break the energy symmetry of KG oscillator around E. As we can see in Eq.
(20), the term M 2 /E p is associated with such symmetry breaking. Figures 1 and 2 show the energy as a function of frequency and of the mass, respectively. It is possible to see clearly that both graphs are not symmetrical with respect to the horizontal axis. The energy as a function of the variables N and l are shown in the plot of Fig. 3 . 
B. Second Case:
We can see that the KG Oscillator in the context of gravity's rainbow has a rich structure that generalizes the results of the usual Oscillator in the GR. Another possibility is to consider a different choice for the rainbow function and compare with the results previously obtained. Here, the second choice is
This rainbow function prevents the catastrophe of the Hawking radiation when the black hole mass decreases [39] . By substituting this function into Eq. (18) and solving the obtained expression for E, we can write the energy spectrum for the KG oscillator as
where ξ N lkz = N + |l| 2α + k 2 z 4M Ω + 1. This is the energy spectrum associated with scalar particles under the effect of a space-time generated by a cosmic string and taking into account a dispersion relation deformed due to the gravity's rainbow. Eq. (22) has new features which emerge from the combination of the topology of the space-time and of the dependence on the Planck energy. First of all, we can analyze the behavior of the energy spectrum as a function of the oscillator frequency. In Figures 4 and 5 , we can see that, in absolute values, E tends to increase as Ω increases. This is an expected result since the increased oscillation frequency is associated with the energy supplied to the system. As it may be seen in Fig. 6 , the spectrum can be ploted as a three-dimensional graph to show E as a function of N and 
IV. COULOMB-LIKE VECTOR POTENTIAL IN THE PRESENCE OF A COS-
MIC STRING IN THE CONTEXT OF GRAVITY'S RAINBOW
At this point, we study the influence of the topological features of the cosmic string spacetime in gravity's rainbow on scalar particles which experiences a Coulomb-like potential.
This potential, in the usual space-time of a cosmic string in GR, allows the formation of bound states. Here we want to find such states and show how they are related to the choices of rainbow functions. By considering the potential A µ = (−a/r, 0, 0, 0), the determinant √ −g = αr f (x)g(x) 3 and the contravariant form of the metric is given by
and then Eq. (8) becomes,
Similarly to the case of the previous section, the Hamiltonian associated with this equation
does not depend explicitly on the coordinates t, φ and z, and thus it is possible to propose a solution in the form ψ(t, r, z, φ) = e (−iEt+ilφ+ikzz) G(r).
Substituting Eq. (25) into Eq. (24), and simplifying terms, we get the following equation for the radial function G(r)
Bound states can be obtained for Z < 0 which implies that E.a > 0. We can see from Eq.
(27) that the effect of gravity's rainbow is codified in the constant parameters D, Z and C, which unlike the usual KG oscillator in GR, depends on the rainbow functions f (x) and
g(x) as expected. Due to the fact that the parameter x in the rainbow functions depends on the energy of the particle, in order to simplify the computation of the energy levels, it is necessary to impose some restrictions on the class of rainbow functions. Now, considering a transformation of the radial coordinate ρ = 2Cr, the normalizable solution may be written as
and then we obtain the following differential equation for H(ρ)
which is a confluent hipergeometric function whose solution is
with A and B given by
The physical parameters of the confluent hypergeometric function (29) do not appear to be a trivial combination of constants and should be carefully analyzed. To get an accurate picture of the radial equation, we must choose appropriately the rainbow functions, as was done in previous sections. For this purpose we will choose the same rainbow functions used previously in order to systematize the analysis of results.
A. First Case:
As it has been done before, we are going to test different choices for the functions that deform the space-time dispersion relation, that is, the rainbow functions. As we will see, in the case of the Coulomb type potential, the choice of f (x) and g(x) with identical form simplifies the analysis of the energy spectrum. Indeed, in the case where f (x) differs from g(x), the quantization condition gives a result that cannot be analytically solved. We can start by analyzing the problem for the potential which depends on the radial coordinate with the following rainbow functions
In this case, the condition Z < 0 implies a > 0 and E < 0 or a < 0 and E > 0. Additionally, from condition C 2 > 0, we obtain that bound states are expected for ε − < E < ε + , where
Therefore, we can conclude that bound-states solutions have a finite set of discrete energy in the range ε − < E < 0 for a > 0 (repulsive interaction) or 0 < E < ε + for a < 0 (attractive interaction). We can see that the rainbow function (33) has shifted the rest energy of the particles, and the bound states are found in a range of energy that differs from the usual case in GR. The the condition A = −N, previously discussed, can be used to derive the following equation
This equation can be solved for E and thus providing the energy of the particle. To this end, we use Eq. (33) and the definitions of C, D and Z. The result can be written as
. Again, we see an expression that is much more complex than the usual results in GR. The first term in the right side of Eq. (36) breaks the symmetry around the point E = 0, i.e., the energies of antiparticles is greater than the one corresponding to particles, in absolute values. In Fig. 7 , we observe that the plot is not symmetrical around the horizontal axis, as expected. On the other hand, the spectrum can be plotted as a three-dimensional graph to show E as a function of N and l, as Fig. 8 illustrates. 
B. Second Case:
The rainbow function in the second scenario corresponds to the following choice
In this case the condition Z < 0 again implies a > 0 and E < 0 or a < 0 and E > 0. From condition C 2 > 0 we obtain that bound states are expected for ε − < E < ε + , where
Therefore, we can conclude that bound states solutions have a finite set of discrete energies in the range ε − < E < 0 for a > 0 (repulsive interaction) or 0 < E < ε + for a < 0 (attractive interaction). The functions f (x) and g(x) have different forms. As a consequence we have no canceling terms as in the previous problem and thus the spectrum cannot be solved in a simple way. Anyway, we will do a numerical analysis of the energy spectrum associated with this problem. By substituting Eq. (37) into expression (35) , we find that the energy spectrum obeys the relation
The first numerical values of N and their respective energies are listed in Table 1 . We can see that the energy is symmetrical for the rainbow functions (37) . This behavior is similar to the second scenario studied in the case of the KG oscillator. It is important to point out that Eq. (39) can be solved with a first order expansion in E/Ep, and the results obtained by this approach are similar to the numerical values, shown in the Table 1 . 
V. CONCLUSIONS
We have obtained the solutions of the KG equation and studied the energy spectrum for the KG oscillator and a vector potential of the Coulomb type in the context of gravity's rainbow. We have considered two set of rainbow functions where significant features of the space-time may be observed. In the first scenario, we have chosen the functions defined in Eq.
(19) and (21) which are well studied in the literature. In the case of KG oscillator, we have obtained a radial differential equation that may be solved analytically using hypergeometric functions. The energy spectrum associated to rainbow functions (19) and (21) is obtained and the results show that the use of function (21) break the energy symmetry of KG oscillator around E.
In the case of Coulomb-like potential, the differential equations obtained seem to be more complicated than the ones that appeal in the study of the of KG oscillator. Even so, in the first scenario studied we have achieved a radial equation that can be solved using the hypergeometric function, as in the KG oscillator. In both scenarios we have considered bound states in which the condition Ea > 0 is satisfied. In the second case, we numerically solve the energy spectrum and the result obtained can be seen in the Table 1 . The energy values increase along with the quantum numbers and it is also possible to see that the particle and anti-particle spectrum is symmetrical around E, as expected for this rainbow function.
The symmetry breaking of the energy levels of particle and anti-particle pointed out in this work is interesting and can also be observed in the situation where the particle is free.
In the case of rainbow functions given by Eq. (21), we can observe this behavior both for free states and for bound states. As a future perspective, we plan to use others rainbow functions and a class of different types of potentials. Finally, we have observed that the usual results in GR are recovered at the low energy limit (E p → ∞) of the test particle as should be expected.
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